Introduction
In [5, 7] and [21] , the authors initiated the study of null geometry of submanifolds in semi-Riemannian manifolds.
The null submanifolds are interesting objects with some applications to mathematical physics and general relativity. In particular, they are known to represent various types of black hole horizons (see [5, 7] and other references cited therein for more details) in general relativity. Motivated by the above, many other researchers are actively exploring these submanifolds, for instance see [6, 8, 9, 11, 12, [16] [17] [18] [19] [20] . In all the studies cited above, the corresponding authors adopt an extrinsic approach to the sudy of null geometry introduced in the books of Duggal, Bejancu, and Sahin [5, 7] . On the other hand, Kupeli uses an intrinsic approach via a vector bundle (see [15] for more details). In [13] and [14] , using the idea of Duggal-Bejancu [5, p. 107 ] and Duggal-Jin [10] , the author studied null submanifolds of generalized Robertson-Walker (GRW) space time manifolds, and presented interesting partial differential equations concerning such submanifolds which are totally umbilical.
Applying the new objects given by Massamba and Ssekajja in [19] , namely generalized Newton transformations [2, 3] , we get new differential equations that generalize those obtained by Kanga in [13] and [14] .
The rest of the paper is organized as follows. In Section 2, we introduce basic notions on null submanifolds used in this paper. In Section 3, we present the general concept of generalized Newton transformations for null submanifolds. In Section 4, we recall some notions on GRW space-time manifolds, and obtain new geometric configurations on totally umbilical null submanifolds of GRW space forms which generalize many well-known results for null hypersurfaces and r -null submanifolds of GRW space forms. The details on the above classes of submanifolds with examples are found in [5] . Consider a local quasiorthonormal fields of frames of M along M , on U as and that ϵ a = g(Z a , Z a ) and ϵ α = g(W α , W α ) are the signatures of {Z a } and {W α } respectively. The following range of indices will be used. i, j, k ∈ {1, · · · , r}; α, β, µ ∈ {r + 1, · · · , n}; a, b, c ∈ {r + 1, · · · , m}.
Null submanifolds

T M = T M ⊕ tr(T M ) = S(T M ) ⊥ S(T M
Let P be the projection morphism of T M onto S(T M ). Then,
for any X ∈ Γ(T M ) , where the 1-forms η i are given by
the Gauss-Weingartein equations [7] of an r -null submanifold M and S(T M ) are given by 
from which we deduce the independence of h l i on the choice of S(T M ), and that ∇ * is a metric connection on S(T M ) while ∇ is generally not a metric connection and satisfies the relation
The above three local second fundamental forms are related to their shape operators by the following set of equations
14)
for any X, Y ∈ Γ(T M ) . 
It is well known in [5] that the above definition does not depend on the screen distribution and the transversal vector bundle of M .
) . Let R and R denote the curvature tensors of ∇ and ∇ , respectively. The following identities are needed in this paper (see [5] for details on a complete set of equations):
For structures of case (ii), one needs to delete all the components involving S(T M ⊥ ) . Similarly, one can find the structure equations of the other two cases.
Generalized Newton transformations
Motivated by the fact that r -null submanifolds are endowed with a variety of shape operators, we apply the notion of generalized Newton transformations to a system of the above operators in this section. For extended details on generalized Newton transformations, see [2] and [3] . 
We can see that ϱ ♯ increases the value of the i-th element by 1 and ϱ ♭ decreases the value of i -th element by 1. It is also clear that ϱ ♯ is the inverse map to ϱ ♭ .
The generalized Newton transformation [3] of
, satisfying the following condition. For every smooth curve γ → A
u is unique (see [2] and [3] ). However, it is important to note that T * u depend on the choice of chosen screen distribution S(T M ) . This is due to the fact that the object
In fact, let us consider two quasiorthonormal frames
respectively. In this case, F and F ′ are the complementary vector bundles of Rad 
where I denotes the identity on M . We also have [2] : 
The above objects also satisfy relations (3.3) and (3.4) in which {σ * u , T * u } is replaced with {σ u , T u }, where I denotes the identity on M .
Example 3.1 (Null cone of
be the space R n+2 endowed with a semi-Euclidean metric
where
is given by the equation
It is well known ( for example see the books [5, 7] ) that Λ n+1 0 is a null hypersurface of R 
. The transversal bundle is spanned by a global
Moreover, E being the position vector field, one gets
Noticing that the operator A * E is screen-valved, we infer from the last relation that
From the the second relation (3.6) we can clearly see that τ (X) = 0 for any
Consider the null cone in this example. By straightforward calculation, one gets g(
Consequently,
Considering (3.6) and (3.7), we deduce that
is screen global conformal null hypersurface R . Also, by simple calculations the eigenvalues of A N with respect to eigenvectors E , X 1 , . . . , X n , respectively, are
. Hence, σ 0 = 1 and
for q = 1, 2, . . . , n , which is the usual symmetric function of the single operator A N . Then, it follows that T 0 = I and 
where I denotes the identity on M . It is easy to show that the above objects also satisfy relations (3.3) and 
We will need the following results.
Proposition 3.2 ([19]) Let (M, g, S(T M ), S(T M
where div ∇ *
(·) denotes the divergence operator on S(T M ).
Generalized Robertson-Walker space-times
In general relativity, a space time is a four-dimensional differentiable manifold equipped with a Lorentzian metric. One of the important cosmological models in general relativity is the family of Robertson-Walker space-time:
Explicitly, L 
In the present paper, we study null submanifolds of a GRW space-
In particular, we investigate null submanifols with curvature invariance and parallel second fundamental forms, totally umbilical null submanifolds, null sectional and Ricci curvatures, respectively.
In this section, we review some results of the connection and curvature of GRW space-time, which follow from general results on warped product [21] . Consider a GRW space time
where f is a smooth positive function on I , and (F, g c ) is an n -dimensional Riemannian manifold of constant sectional curvature c. The standard choices for F are S n , E n and H n , with curvature 1, 0, −1 , respectively. (c, f ), we put
where ϕ(X) = −g(X, ∂ t ) and X is the vertical component of X .
The following Proposition was proved in [21] .
Proposition 4.1 For any vector fields
Next, we generalize the results of [13] and [14] regarding totally umbilical null hypersurfaces and submanifolds of Generalized Robertson Walker space forms. 
Theorem 4.2 Let (M, g, S(T M ), S(T M ⊥ )) be a totally umbilical r -null submanifold of a GRW space L
Moreover, the curvature tensor of M satisfies the following relation
where ∂
T t denotes the tangential projection of ∂ t with respect to the decomposition (2.3).
Proof Considering Propositions 3.2 and 4.1, we have
we obtain the first relation of the theorem. For second relation of the theorem, we put X = P X in the last equation in the proof of proposition 4.2 of [19, p. 71], we have
Using the defintion of covariant derivative together with (2.4) and the fact that M is totally umbilical in
Next, considering (4.4) and (4.5) we have 
from which we get
proving the second relation of the theorem. Finally, the last relation follows from simple calculations as in [14] , which ends the proof. 2
Corollary 4.3 From proposition (5.4) in [14, p. 304], if ∂ t ∈ Rad T M ⊕ ltr(T M ), then the partial differential equations become
Then, the generalized mean curvature functions
Proof By the method of Theorem 4.2 while considering Propostion 4.1, we have
and
which completes the proof. 2
From (4.9) and Proposition 4.1, we obtain
Setting X = E j in (4.11) and using the Definition 2.1 of totally umbilicity of M and Theorem 4.4, we obtain the first relation (4.7). Using (4.10), we derive
Using the definition of covariant derivative and the fact that M is totally umbilical in L n+1 1 (c, f ) , we derive 
proving the second relation (4.8). Finally, the last relation follows from simple calculations as in [14] , which ends the proof. given by the equations (see [7] )
Then we have
} . 
Thus, Rad T M = Span{E} is a distribution on M and S(T M
} .
By direct calculations, we get
Then, applying the Gauss-Weingarten formulae, we get A *
Hence, from the above calculations, we infer that
, which shows that M is a screen conformal half null submanifold. Now, by direct calculations, we obtain
Then, by the Gauss-Weingarten formulae, we get 
Corollary 4.9 Under the assumptions of Theorems 4.2 and 4.4, If h
l is parallel and 
In Theorem 5.1 of [13, p. 870 ] the author showed that for a totally umbilical null hypersurface of
Moreover, it can easily be shown that equations (4.13) and (4.14) hold for a half null submanifold of L n+1 1 (c, f ) . In the case of a totally umbilical r -null submanifold with r > 1 , Kang [14, p. 303 
and 
. It is also easy to see that for an umbilical S(T M ) one gets
Theorem 4.10 Let (M, g, S(T M ), S(T M ⊥ )) be a totally umbilical r -null submanifold of a GRW space
Proof By the method of theorem 4.2 and theorem 4.4 with recurrence (3.5) and (2.20) we obtain 20) where W is an arbitrary nonnull vector in Π. Similarly, we define the null sectional curvature K E (Π) of the null plane Π of the tangent space T x M with respect to E and ∇ as a real number 
